B. 0. leHncos
IHCTUTYT AaepHUX AOCNIAXeHb
HauioHanbHa akagemifa HayK YKpaiHu

KuiBCbKUU HaWiOHaNbHUIN YHiBEepCcUTeT
imeHi Tapaca LLleB4eHKa




KBaHTOBO-mexXaHi4YHI 0bepTaHHA

With every physical rotation R, we postulate a quantum mechanical rotation operator D(R) which rotates
quantum mechanical states.

l@)r = D(R)|)

In terms of the generators of rotation,

D(h, $) = exp (—z‘¢ s )

1 is rotation axis, and J is angular momentum.



TpaHCcAAULIMHUM onepaTop

The rotation operator Rz, 8), with the first argument z indicating the rotation axis and the second 6 the
rotation angle, can operate through the translation operator T(a) for infinitesimal rotations as explained below.

This 1s why, 1t 1s first shown how the translation operator is acting on a particle at position x (the particle 1s then
in the state |z) according to Quantum Mechanics).

Translation of the particle at position x to position x+a: T(a)|z) = |z + a)

Because a translation of 0 does not change the position of the particle, we have (with 1 meaning the identity
operator, which does nothing):

T(0) =1
T(a)T(da)|z) = T(a)|z + da) = |z + a + da) = T(a + da)|z) =
T(a)T(da) = T(a + da)

Taylor development gives:

dT(0 '
( )da—l—...zl—lpm da

T(da) = T(0) + 7 -



TpaHCcAAULIMHUM onepaTop

with

dT(0)
da

pe = th

From that follows:

T(a + da) = T(a)T(da) = T(a) (1 - %pmda) N

[T(a + da) — T(a)]/da = C;—Z = —%me(a)

1
This is a differential equation with the solution T'(a) = exp (—Epm a) :

Additionally, suppose a Hamiltonian H is independent of the & position. Because the translation operator can
be written in terms of p,, and [pg, H] = 0, we know that [H,T(a)] = 0. This result means that linear

momentum for the system is conserved.



AHANOriYHO ANA KYTOBOrO MOMEHTY

Classically we have for the angular momentum [ = r X p. This is the same in quantum mechanics considering
r and p as operators. Classically, an infinitesimal rotation dt of the vector r=(x,y,z) about the z-axis to r'=
(x'.y',z) leaving z unchanged can be expressed by the following infinitesimal translations (using Taylor
approximation):

' = rcos(t+dt) =z — ydt+...
y = rsin(t + dt) = y + zdt+. ..

From that follows for states:

R(z,dt)|r) = R(z,dt)|z,y, z) = |z — ydt,y + zdt, z) = T, (—ydt) Ty (zdt)|z, y, 2)
= Tz (—ydt)Ty(zdt)|r)

And consequently:

R(z,dt) = T, (—ydt)T,(zdt)

Using T (a) = exp (_E Pk a) from above with k = z, y and Taylor expansion we get:

R(z,dt) = exp [—% (zpy — ypw)dt] = exp (—% lzdt) =1- %lzdt—l—. ..

with I, = x py - y py the z-component of the angular momentum according to the classical cross product.



na KyToBOro MOMeHTy

To get a rotation for the angle ¢, we construct the following differential equation using the condition
R(z,0) = 1:

R(z,t + dt) = R(z,t)R(z,dt) = .
[R(z,t + dt) — R(z,t)]/dt = dR/dt = R(z,t)[R(z, dt) — 1]/dt = —%lzR(z, t) =

R(z,t) = exp (—% tlz)

Similar to the translation operator, if we are given a Hamiltonian H which rotationally symmetric about the
axis, [l,, H| = 0 implies [R(z,t), H] = 0. This result means that angular momentum is conserved.

For the spin angular momentum about the y-axis we just replace I, with S, = an and we get the spin

t
rotation operator D(y,t) = exp (—z’aay) .



KyTtoBa 3aneXHicTb pparmeHTiB AiNeHHA
npu ¢otonoainy



Yunxonn, Hemoc v XannepH [80] nepBriMH npuBjiekJH BHUMAHUE
K aHH3OTPOIHH YIJIOBOrO pacnpefie/ieHHA OCKOJKOB NpH AeneHHH. OHH
y3ydain ¢GoToje/leHHe TOPHA M ypaHa, HCNoAb3ys TOPMO3HOE H3JY-
yeHHe JHHEHHOro yckopurtens sjekTpoHoB MHT na 16 Mse. Ockonku
pPErUCTPHPOBANHUCE 110l HECKOJNbKHMH YTIJIaMH, H OKa3aJoch, YTO OHH
HCIYCKAIOTCA IpermyiiecTBeHHo noj 90° K Hanpas/ieHuo nydka ¢oro-
HOB JiyiA muiieHedt Th*%* u U?%8. [lonyueHHble YIJIOBBIE pacnipefe/ieHHs
onucHBanuCcL GopMyJaofl a + b sin® 4. Anuszorponus (oTHoleHKe b/a)
6bi1a Bhitle y Th®%* uem y ypaHa, Ho ObICTpo najgajia, KOrjia 3Heprus
y-JlyueH JOCTHraja HeCKOJbKHX MEras/jeKTPOHBOJbT HaJ, HODOTOM
Aesenus. B obGsactu ruranTckoro pesoHanca (Bokpyr 14 Mass) aHuso-
Tpolnuga 6slia Jubo Mana, 1u60 Boobile paBHa HYJ0. B HEKOTOpPHX 3KC-

80. Winhold E.J.,, Halpern I Phys. Rev., 103, 990 (1956); W i n-
hold, Demos, Halpern, Phys. Rev., 85, 728 (A) (1962); Phys.
Rev. 87, 1139 (1952); Fairhaltl, Halpern, Winhold. Phys,
Rev., 94, 733 (1954); Winhold E. J., Thesis Ph. D. Massachusetts
Institute of Technology, Sept., 1953.



doTOH-b6e3MmacoBa HelTpasibHa YacTUHKA.

CniH doToHa AopiBHIOE 1 (4acTUHKaA € BO30HIM), ane
Yyepes Hy/IbOBY Macy CnoKoto binbll BigNoOBiAHOO
XapPaKTEePUCTUKOIO € CNIPANbHICTD.

CnipasbHICTb Le NpoeKUia CNMHA YaCTUHKM Ha HAaNPAMOK
PYXY.

PoTOH MOKe nepebyBaTu TiIbKK B ABOX CMiHOBUX CTaHaX
3i cnipanbHicTio, piBHOW +1 abo -1.

Llin BNAaCTMBOCTI B KNACUYHIN eneKTpoaNHaMIL
BIAMNOBIAAE UMPKYNAPHA NONApm3aLia eNeKTPOMaArHIiTHOI
XBUI.
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FIG. 3. The relations of Fig. 2 explain the angular distribution
of fission products from an even nucleus in a photofission re-
action dominated by dipole absorption and fission through a
transition state with K=0.



OnTHmabHBIE BRXOAB OCKOJKOB AeNEHHA* B 3ABHCHMOCTH OT MAKCHMAZbHOA SHEPrHK TOpMo3Horo cuekrpa F,
H YIaa N0 OTHOWEHHIO K nyuky y-KBantom § (Kau, Bepr, Bpays)

Yroa orkaowedna 8, epad

2 B BLIpaMeHHu

Ey, Mas Mool 2
" . 25 45 | 60 90 Wil=1+asin*
’F-h232
6,5 1,0 40,3 — — — 2045 > 25
7,0 1,004+0,04 — 4,140,2 6,74-0,3 8,4+0,3 1341
7,5 1,0 40,1 — 5,140,4 6,040,4 8,8-£0,5 7,240,7
8,0 1,0040,09 — 2,440,2 3,640,3 5,1+0,3 6,74-0,7
9,0 1,0 40,1 — - — 3,440,3 2,840,4
10,0 1,00+0,04 1,1640,05 t,67+0,08 1,97+0,08 2,440,1 1,634:0,06
14,0 1,004-0,05 — — — 1,4340,08 0,46-4-0,09
20,0 1,00-£0,05 — — — 1,1340,06 0,1440,06
U238
6,0 1,0 4-0,3 — - — 6,0-£1,4 6,642
6,3 1,0 + 0,1 — 3,6+0,4 — 59+0,6 5,841
6,5 1,0+ 0,2 — — — 4,540,7 4,441
7,0 1,00:£0,08 1,5+0,1 2,04-0,2 2,440,2 2,940,2 1.84+0,2
8,0 1,004+0,06 — - — 2,140,1 1,3 10,1
9,4 [,0040,04 — 1,2240,06 — },4340,06 0,46+0,06
10,0 1,0040,04 — — — 1,3840,04 0,414-0,05
14,0 1,004£0,04 — — — 1,08--0,04 0,09--0,04
20,0 1,0040,03 — — — 1,05--0,03 0,0540,03

e

* Bce mpHBefeHEHE 34eCh BEMHYHHLI €CTh YHCAa OTCYETOB Ha eJHHALY Y-HSAYUEHHA, HOPMUPOBAHHME HA BLIXOJ MOK yraoM 0°.
Komap, Bouenos, ®ajees u3yyann nasaenne U4 mydkoM TOPMOSHDIX 1-KBAaHTOB ¢ guepraeft 35 Mas w msmepsin ann3oTponuio [«ATOMHAR

sueprus», 16, 191 {1963)).



Angular dependence of fission fragments
at fission induced by particles
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C no3yuui K1acCHYeCKOH TEOpHH BEKTOP YIVIOBOTO MOMEHTA M4jam0-
elr0 HEHTPOHA IIPHMEPHO TNEPIEHAUKYJAPeH K HanpaB/deHHI NyuyKa
(my =0, m; =2 1/2). CocraBuoe #po, 06pa3soBaHHOE YE€THO-YETHOH
MHIIEHBIO W [13JAI0IHM HEHTPOHOM, TaKiKe UMeeT BEKTOP YTJIOBOTO MO-
MEHTa4, ODHEHTHPOBAHHLIH HNPHONU3HUTEJLHO TIEPIEeHAUKYASAPHO K Ha-
PaBJEHHIO 1YUYKa HEHTPOHOB. bosbiiasg 4acTh SHepru# Bo3OyXKIeHU
COCTABHOI'O fAjpa HAeT Ha €ro aedopMallyio, Ha AOCTHXKEHHE CeJJIOBOH
TOUKHY W 3aHATO JIMIIL HIKHee gjepHoe cocTosinue. HuxkHee cocTosinue
COOTBETCTBYeT Ha¥MeHbIIeMy BpamaTeJbHOMY MOMEHTY (¥ 3Hepru).
ChnenoBare/nbHO, BEKTOp YIVIOBOIO MOMEHTAa U OCh CHMMETPHUY siipa TNpH-
MePHO NapasijieJibHbl APYT APYTY U NEPNEeHAUKYJIAPHB K HANPABJEHHIO
nyyka. Torjga ockonky pasJerawTtcs nog yriom 90° x nyuky. [Ipu Gonee
BHICOKHX 3HEPIUSIX OCh CHUMMETPHH fJpa BpalllaeTcsl MOYTH nepheHju-
KyJAPHO K BEKTOPY YIJIOBOTO MOMEHTA U NMOJAY4YaeTcd YIJIOBOE pacrnpe-
JejieHHe C MaKCHMYMOM B NPOJOJIBHOM HanpabBjeHUH. ¥ wierc u Yeis
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Puc. 23. 3aBHCHMOCTh aHH30TPONHKHH YIJOBOFQ pacnpeneie-

HUSI OCKOJKOB nph gejenuH Th2¥2 geldTpoHaMu OT 3HepTHH.

AHH30TPONHSA onpeaeseHa KaK OTHOIIEHHE YHCJIA OCKOJKOB,

MCTNYIIEHHHX B HanpaBJeHUH NYYKA K YHCAY OCKOJKOB, HC-

MYHIEHHLIX B 11 €pNEHIUKVJASIDHOM HAMpaBJeHUH, 31ech Ke
npuUBeAeHO ceyenue genenuns [89].



Anusorponusa (00/90") pasieTa OCKOJKOB NPH AEJCHUH 2-YaCTHIAMH
H nearpoHamu (XauanepH, Koddrn [98])

JHeprus, Mag

Anpo-Munedn a-qai%“u ,ueﬁTpQ%Hoa nporonos 10
Pus® L. 1,374+0,03 [ 1,17£0,04 | 1,03+0,03
Np237 . . ... 1,40+£0,03 | 1,19:0,04 | 1,05%0,03
U28 1,44+0,03 | 1,21+0,04 | 1,09+0,03
Uss 1,5440,03 | 1,25+0,04 | 1,07+0.03
Th232 . . . . ... 1,764-0,03 | 1,42+0,04 | 1,1240,03
Ra22 . . . . . . 2,04+0,05 | 1,28+0,04 —
Bi2oy L 2,0240,07 — —




10.9.4. Cratucrdyeckas TeopHs YrJoBHIX pachopeneeHU

boabliyio YacTk pe3yabTaToOB, NOJYYEHHEIX B YIIOMAHYTHIX pabo-
Tax, MOXHO CYMMHPOBATh CJeAyIOuuM obpasom [104]:

. Ockonku pasjeraiorcd ¢ HaHOOJbIIEH BepOATHOCTHIO 1O HaINpas-
JIGHHIO NMy4YKa H [POTHB.

2. AHM30TpONHS yBEJHYHUBAETCS C POCTOM pasMepa YacTHLl, BLI3HI-
BAOLLUX JeJeHUe.

3. AHU3OTPONUSA NpPHU JeleHHH HeYeTHHIX sjep IPHMEPHO Ta XKe,
YTO U IPU JIEJIEeHHH YETHO-UETHRIX flep, B OTJHUHE OT CUTYAIUH, CYIIe-
CTBYIOUEeH B (OTOJeNEeHHH MPH HU3KUX IHEPrUdX.

4. TIpu pefleHHH ORICTPLIMM HEHTPOHAMH Hab/ofaeTcs Bo3pacTaHue
AHU3O0TPOINHU BCAKHH pa3, KOrja 3HEPI'Hsi CTAHOBHTCS JOCTATOYHO Be-
JIMKA, 4YTOOBl Cclie1aTh BO3MOXKHGLIM JeJeHHe OCTATOYHOIO #Aipa, KOTOo-
poe oOpa3syercs nocJje HClapeHusd ONnpefeeHHOTO YHc/aa HeHTPOHOB.

0. C yBeJn4YeHHeM 3Heprud 6oMOapANPYIOIIHX YACTHIL CPENHAS aHH-
30TPOMNHUS MEHAETCH MEIJIEHHO. ‘

6. AuM30OTpPONHS MakcHMajbHa JJd 3HaUYeHW# OTHOIIEHHS Macc,
COOTBETCTBYIOU(HUX ACHMMETPHYHOMY JEeJIEHHIO.

104. Halpern I. Ann. Rev. Nucl. Sci., 9, 245 (1959).
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Xannepu u Crpyrunckuit [1051 u Tpudpuu [86] paspaboranu cra-
THCTHYECKYIO TEOPHI0 [/ OOBSCHEHHS 3THX 3aKOHOMepHOCTeH. IJra
TEOPHS OCHOBbIBaercd Ha mpepmosoxeHusix bopa [85] u mpumenuma
B TeX CJAy4Yasax, Korja OO/IbIIoe YHCJIO KBAHTOBRIX COCTOSIHHH CTaHo-
BUTCS HEPTreTHYeCKH JOCTYNHLIM B CEAJOBOH TOUKe.

105. Halpernl, Strutinski V.M. Paper P/1513, Proceedings of the
Second United Nations Conference on the Peaceful Uses of Atomic Energy,

y
15, Geneva (1958); Halpern I. Ref. 104, Nucl. Phys., 27, 348 (1961);
CtrpyTuHckult B. M. «<AToMuas sueprus», 6, 508 (1957).



(6.1)

where,

Here Iy 1s the moment of mertia parallel to the symmetry axs and I 1s the moment

of mertia perpendicular to the symmetry asas.



The densmty of levels 1n the transition state 1s dependent on the thermodynamie energy
(E — EXF) available to the nucleus,

. (ar—ar T .
plJ Kyxe T (6.2)
where E s the total energy and T 15 the temperature at the saddle pomnt. For hxed

E and T and J.

oy

p-{f'ii':l xe T
e

oce ern

This 15 equivalent to a truncated Gaussian K distnbutions,

a2

ol K)xe ™ :whenk < .J

=0 : whenkK =10

which 15 characternized by a vanance




The probalihty of emitting hssion fragments from a transition state wath quantum

mumbers J.M and K at angle # 15 miven by

Prant Hdl .
Py i (6) = (27 + 1) |y i (6)F
- 4x Rﬂ
?J 1 .
+ ainfdd IIE.E}

where Fﬂ'i:x |#) represents the probabibity of emutting hssi1on fragments at angle & 1nto
the comeal volume dehned by the angular increment d9. The normahzation 15 such
that the probalility mmtegrates to umty for hmts 0 to 7. The area of the angular ring
on a sphere of radms R through which the hs=sion fragments are passing 1= siven by
the width of the stnp Hdf times the creumference of the nng 27 Hsinf. The annular
nng area must be divided by the total area of the sphere AR in order to qve the
probability as given by Py 5 (#).



The df_flﬂ{ﬂ:l functions are dehned by the following relation:

[_ 1 ] !{Eiﬂgjl K42y Eﬂﬂﬂg ]EJ— K2

(f — K —o)i{J — )iz + K}zl (6.4)

43 (8) = [T + KN(J — K)FY

where the sum 15 over x=(0.1.2...... and contains all terms 1n which no negative values
appears in the denominator of the sum for any one of the gquantities in parentheses.
The angular distribution Wﬂix (#) is obtained by dividing the probability for emitting

fission fragments at angle & by sinf,

Wi (6) o 2ol (6.5)
The angular distribution of the hsson fragments, produced due to the hssion of a

completely fused mucleus manly depends upon three factors:

(i) Transmission coefficient, T for passage through the transition state

(ii) Level density o{ E, K}

(iii) Probability distribution Py . (8).



In the limit when the target and projectile spins are zero and no particle emission from

the imtial compound nucleus oceurs before hs=ion, 1.e., M=, the angular distnbutions

I ST
g ()2 =2 =[(J + =) sin’0 — K~
il

]

CrnenyiomuM miarom sisasiercsl UHrerpuposanue Wy g 10 rayccos-
CKOMY pacnpenenesuio no K. Pacnpepenenue 115 GUKCHPOBAHHOTO | 1

sananHoro K: paercs Xannepuom U CTPYTHHCKHM B CAeYIOUICM BUJE;
W (0);, K,J:]/fc . 2}< exp (—72sin20/4K2) J, (il sin?8/4K2), (14)

rae Jo—@yukuusa bBeccenas, a N —HopMHpoBouHast KOHCTaHTa (OHZ
OiH3ka K elunune npu I > K).

9 . .
Ecau 712/4Ky muoro 6oJslne eJHHHILI, TO MOXKHO NOKA3aTh, 4TO

W (0° 2
YOy L (15)
W (90°) (2K,)?
Here 1".';? iz the varance of the K distribution and < J° > is the second moment of
the compound muclear spin distribution. K7 is given as
k32— Lt (6.10)
u FI: | ¥

where I;rp 15 the effective moment of inertia and T is the temperature at the saddle.

The temperature T 1s given as




Anuvsorponns (0°/90°) pasaera OCKOJKOB NPH AENCHMH 2-4aCTHILAMH
H pedtponamu (XaJymnepn, Koddun [98])

JHeprus, Mag

AApo-MHLIEHD a-qa(‘:irzsuu ,u;eﬁTonQHoa 1poTonos 10
Pu2dd 0. .1 1,374+0,03 | 1,174+0,04 1,03+0,03
Np23® . . ... 1,40+0,03 1,1940,04 1,0540,03
p23 L s 1,4440,03 | 1,21+0,04 1,0940,03
gsss 1,5440,03 | 1,254+-0,04 1,0740,03
Th2s2 . . . . . ... .. 1,764+0,03 | 1,424-0, 04 1,124-0,03
Ra? . . . . ... 2.04+0.05 | 1.28+0 04 =
By L 2.,024-0,07 — —_
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Vaalt

Puc. 32. BekropHag auWarpaMMma CBS3H MeXKJVY cHcTeMok
HeHTpa Macc H JafopaTopHOW CHCTEMOH Mpu JeJeHHH Ha
JIBa OCKOJKa.



ANISOTROPY OF FISSION FRAGMENTS
FOR THE REACTION 0 + *%pp

B.I.Pustylnik, L.Calabretta', Yu.Ts.Oganessian, M.G.Itkis, E.M.Kosulin,
S.P.Tretyakova, T.Yu.Tretyakova
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