Optical model, Elastic scattering

V. Yu. DENISOV

Taras Shevchenko National University of Kyiv

Institute for Nuclear Research, Kiev, Ukraine



PLAN

. Introduction
. Optical model: Formal Theory and Basic Equations
. Optical model: Elastic scattering, Numerical solutions

. Elastic scattering examples

Results

. Conclusion



1. Introduction
2. Optical model: Formal Theory and Basic Equations

Let’s consider the Schrodinger equation described scattering of two complex nuclei
(E— H)V =0,

where H is the Hamiltonian and WV is the total wave-functions.

We can select open PV and closed QW components of the total wave-function by using the projection operators P

and @), i.e.
U =PV 4+ QV.

The wave functions of open and closed channels are orthogonal to each other
(PU|QU) = 0.

The projection operators must obey the equations

P+Q=1,
PT=PQ"=Q.
P?*=P Q" =Q,

PQ =QP =0.

By using these projection operators we rewrite the Schrodinger equation in the form

(E—H)VU = (E — H)(PY +QV) = 0.



Operating from the left side by P and () operators we get, respectively,

(E— PHP)PY = PHQU = (PHQ)QV,
(E— QHQ)QV = QHPY = (QHP)PU.

Here we use early pointed properties of projection operators. Formal solution of the last equation in the operator form
1s

1
(EF— QHQ + ig)

where ¢ is infinitesimal. Using this solution we obtain a Schrodinger equation for open channels

QU =

(QHP)PV,

(E — Heg)PV = (E — Hug)Vp = 0,

where

1 B 1
(E— QHQ + ie) (QHP) = Hep + Hrarg— Hoq + ic)

is the effective Hamiltonian of open channels. The second term of describes the influence of coupling between open

Hg=(PHP)+ (PHQ)

Hop.

and closed channels on the open channels.
Lets closed channels can be constricted by the discrete ¢ and continuous states a. The corresponding wave functions

1S

QU = Z aibgi+ Y / A& alar, E)oalE),



where a; and a(a, ) are the amplitudes,

Hoovoi = Egitg;,
Hoqvqa(€) = E¢qa(E),

are the corresponding Schrodinger equations,

(Woiltgr) = div,
(Vo€ (E)) = baw 0(€ = E'),
(Yqiltga(€)) = 0.

Then the effective Hamiltonian for Schrodinger equation of open channels is

1
H
(E HQQ +i<€)

B Hpovqgi) (YqiHor Hpqpga(€)) (Yga(€)Hop
_HPP+Z (E — Eq; + i) +2 [ (E — & +ic) '

Hepg = Hpp+ Hpg

Taking into account that

fé I _ S
/dg(E—5+i5) p.v./dcf’(E_g) —m/dé’é(E—é’) f(é’)p.v./dé’(E_g) —imf(E),

we find real and imaginary part of the effective Hamiltonian

R 1yl
Hoyg = Hyy +iH.g",



where p.v. indicates the principal value of the integral and

H ¢ [ ¢ iHop / Hp ¢ o )><w CY( )H P
Re __ PRYQiI/\YQ Q Q Q Q Q
Heg = Hp +Z (E — Egi + ic) +Z ae (E — & +ie) ’

HY' = -7y Hp@w@a E))(Yqga(E )HQP-
o
The consequences of this expression for effective Hamiltonian:
e The effective Hamiltonian is complex.

e The effective Hamiltonian is nonlocal (or momentum dependence), because of coupling with closed channels @

H i (') H, r H al&Er W ENH r
HEf(r)) = Hppf(r)) + 5., PQYQ; ((£<?Q(+28>Qp|f( )y +> . pv. [dE PQYQal )(ﬁ%fig) P Note that

Hpp is local.
e The effective Hamiltonian is energy-dependent, i. e. H e’ffe is the function of F.
e The effective Hamiltonian has resonant nature, see resonances at £ = E;.

e The effective Hamiltonian depends on the particular model space. By choosing different model spaces for P and

() operators we get different effective potential.



Lets H = H(R,{r}) is the total hamiltonian of system of complex colliding nuclei and W(R,{r}) is the total
wave-function, which can be expanded as the sum on the eigenstates of each nuclei (open channels, i.e. related to P

projection)
Z Un(R)on({r}).

where 1, (R) is the wave-function described the relative motion of two nuclei at channel n with distance between mass
centers R, o, ({r}) = ¢1,(11)Pan(12) is the wave function of intrinsic states of corresponding nuclei ¢y,,(r1) and ¢g,(72)
at channel n, and r; and ry are intrinsic coordinate.

Note that at R — oo
ngn({r}> - 5n90n({r}>7

where €, is eigenenergy of nuclei at channel n.

The Schrodinger equation is

(H — E)U(R,r) = 0.



Multiplying the Schrodinger equation
(H — E)V(R,r) =
on ¢! ({r}) and taking the integral on intrinsic coordinate we get
[ty SN R, () = EYUR) = [ dfr} (DR () - Z Un(R)gu( (1)
= (hun(R) = E)u(R) + > hnm Yn(R) =0,

m, men
where
bnlR) = [ AN H R ArDn(r}) = Gan g+ VAR + VS R) + Wi (R + i
VNud(R) and VC°"(R) are nuclear and Coulomb part of nucleus-nucleus matrix elements, 1, is the reduced mass in
channel n, and W,,,,(R) is imaginary part of potential related to the coupling to the closed channels Q.
We consider spinless colliding nuclei, therefore we present 1, (R) = >, ,, g”L—}gR)YL A (€2). Multiplying this system of

equations on Y7/(€2) and taking the integral on angle {2 we have system of coupled-channel equations
—hr* 9% RL(L+1
) + VU R) + VEM(R) + iWyn(R) + 65 — E| &ui(R)

241, OR? i 21, R? "
== > [ViWUR) + VM (R)] &nr(R).

m,m#n




Often, the Woods-Saxon parametrization
VO
1+ exp[(R — Ro)/d]’

is adopted for the nuclear potential and Coulomb potential for spherical nuclei is

Vn]Xucl(R) _ Ry = r( <A1/3 4 Al/B)

2 .
o %’ it R > R0C7
Vi “(R) =
nn & Z1nZon |3 _ if R< R
Roc |2 2330 ’ e

Note that non-diagonal terms of nuclear and Coulomb matrix elements VY% (R) and VC°“(R) depend on the
nuclear model and reaction type.

The imaginary potential usually has volume and surface parts
Win(R) = Wrl(R) + Wi (R),

where

" w0 - 1/3 1/3
Win(R) = T exp[(B—Row)/dw]’ Row = row (A + 4 )

surf d wos . 1/3 1/3
Wit (B) =GR TreglBforg)/dws) Lows = Tows (A +4 )




The solutions of coupled-channel equations
—h? 0? N RAL(L +1)
21, OR? 21, R?

+ VNl(RY + VOOl R) 4+ W, (R) + €, — E] Enr(R) =

— > [V (R) + VS (R)] Emn(R).

m,m=#n
are matched the following boundary conditions
Enr(R)|r=0 = 0,
; o\ ! /2
€nL<R>‘R—>OO - 2 5HHOHL_<777107 kn0R> — <,U_O> SnLHZF(nm ken RR)

Here ng is the incident channel (note that e,, = 0), k, = \/Q,un(E — ) /B2, n = pnZinZone?/(R%ky,), S, is the
S-matrix, and H; (1, k,R) are the Coulomb functions H; (1, z) = Gr(n, z) 4 iFy(n, x) with asymptotics

Fr(n,2)|s—0 = 0,
GL(??,Z’)’;L'_)O - Hz:(?%x)’x—ﬂ) - +OO7

L
Hi(10,7) o500 = €xp [j:i (x —nln(2x) — % + 0L>]
L
Fr(n,7)]s500 = sin [’t (l‘ —nn(2z) — % + UL)]

Gr(n,2)|rse00 = COS [z (x —nln(2z) — % + 0L>]

D(1+ L+ in)]"? .
= argl(1 + L

i) = |



3. Optical model: Elastic scattering, Numerical solutions
Lets consider for simplicity one channel and omit index n for simplicity. The system of coupled-channel equations

are reduced to single Schrodinger equation
—h* ? N RL(L+1)
2u OR? 21 R?

The boundary condition

EL(R)|r=0 =

EL(R)| rosoe =

where CL = %(SL — 1).

+ VMR + VO R) +iW (R) — E| £(R) =

Y

[HZ<777 kR) - SLHZ_(na kR)] — FL(U? kR) -+ CL[GL<777 kR) -+ ZFL(U? kR)]a

| . O

The total scattering amplitude is given as the sum of Coulomb scattering amplitude fo(1)) related to long-range
Coulomb interaction and contribution to the amplitude induced by short-range interaction related to nuclear forced

between colliding nuclei

F(9) = fe(¥) + — ZeXp (2i0r) (2L 4+ 1)CL Pr(cos ),

L 0

where

exp [—in In [sin? (9 /2)] + 2io]

fC(19> - )
2k sin“(1/2)]

is exact Coulomb scattering amplitude.
The differential scattering cross section is

do (V)

=|F().

d



The Rutherford differential cross section (when neglecting both nuclear and imaginary potentials) is

dog (V) _ (Z@&) S|

d) 4E sint 19 /2
Note that
o sin' 1 /2|y_ge = 0, therefore limy_go dURC(lg:()) = 00;

e the cross section does not depend on signum of the charges;

e the angular distribution cross section does not depend on the energy;

dO’R(ﬁ) L
[ i 0.6 52"

Therefore, often the results of elastic scattering is presented as

do (¥
PP
dop (V) (21Z262)2 1

dv 4E sin® 19/2



Elastic scattering: “C+?*Pb: W. Y. So, et al., Phys. Rev. C 77, 024609 (2008)
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The radial Schr” odinger equation can be written in the form

d2
() = A(R)E(R).

We introduce the auxiliary function
h2
C(R) = €(R) ~ TA(RE(R),

where h is step of finite difference algorithm. For function ¢ there is Noumerov algorithm based on the finite difference
formula for three consecutive points on a mesh with step h,

h*A;(R)
= (0212 AR
The boundary conditions at R = 0is £(R) = 0.

Gr(R+h)= |2+ G(R) — Gi—1(R — h).

Due to this starting point R;, which is close to R = 0 is

Co( ;)
Co( ;)

Asymptotic at R = R, for scattering £ > 0 is

0, Cl(Rz+h) =c, for L # 1.,
—0.2¢, G1(R;+h)=c¢, for L =1.

g(Rm> — FL(”) kRm) + CL[GL<777 kRm) + iFL(”a kRm)]

The short-range potential at the matching point R,, is negligible.

Using this boundary condition we determine the C,.



Substituting the value of C', into

F) = fe(9)+ % Z exp (2i0)(2L + 1)CrPr(cos ¥)

L=0
exp [—inIn [sin?(9/2)] + 2iog] 1 — |
- = 2icp)(2L + 1)C, Py (cos ¥
! 2k sin®(1/2)] ‘I'k;exp( ior)(2L + 1)CpPr(cos ),

o(9) = |[FW).

we find the total scattering amplitude and cross section.
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The nucleus-nucleus potential V(R) =V, (R) +V.,, (R)+V,(R)

The energy density approximation

The interaction energy between nuclei at the center-to-center distance R
Vi (R)=E,(R)-E -E,.

Here E,(R) =18 o, (F)+ Py (F.R), 4, (F) + 2, (F, R) [AF

IS the energy of the interacting nuclei at finite distance R,

E1(2) = I‘9[,01(2)p(r), ,01(2)n(r)]dF

IS the energies of the non-interacting nuclel,
el po (1), 0,(0) | =7 o, () |+ [ 0, ()] + Ve | 0, (). 2, () |
is the energy density functional, p,,,,(F) and p,, ,(F) — neutron and

proton density of 1(2) nucleus.
Potential evaluated in Energy Density Functional has two contributions:

8



- Intrinsic kinetic energy of nucleons V+(R),

- nucleon-nucleon interaction V,,(R)
VN (R) — VT (R) + Vnn (R)
where
V; (R) =17 9, (F) + p,, (F,R), 1, (F) + py, (F, R) [dF -
~17| Py (F), 1o (F) JIF =17 3, (F), 3 (F) JdF.
Voo (R) = Vg | 21, (F) + oy (7, R), 1, (F) + o, (F,R) [dF -
~ Wy | £1p (), 1 (7) [AF =1V | (7). oy, (F) [T
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Standard double-folding approximation

The nucleus-nucleus potential in double-folding approximation

VDF (R) — jdﬁdgpl(ﬁ)vnn (Fi’ E’ E)pZ(R’ I_;),

V. (I, T,, E) —the nucleon-nucleon interaction.

The modified double-folding approximation
(taken Into account the intrinsic kinetic energy of nucleons)

Vit _kin (R) =V1 (R) +Vpe (R).

V; (R) =1z| py, (F) + p,, (F, R), o1, (F) + oy, (F, R) [T —
—IT|:,01p (F)!pln (F)]dr _IT[IOZp (F)! /02n (F):|dr1

Here - kinetic energy of

nucleons

Voe(R) - double-folding potential, which connect with nucleon-nucleon
Interaction.

11
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Therefore:
Nucleus-nucleus potential has core
Induced by Intrinsic kinetic energy of

nucleons in colliding nuclel.



Ogloblin et al. , PHYSICAL REVIEW C 62,

044601(2000)
[R—Ry\]7!
U{R)=VC{R}—V{1+E}{1)|I . I|
[R—Ry\]7?
— .r'W[ 1+ e};p| |
\ aw /]
where
Ry w=ry w1613+ 1213),

Ein Potential V Fr- ar
(MeV) (MeV) (fin) (fim)
132 Folding 0.798 ®

WSs1 2822 0.586 0.978

W52 361.8 0.653 0.807
170 Folding 0.787 ®

Ws1 2555 0.629 0.967

WSs2 3334 0.604 0.920
200 Folding 0.771°

W51 216.3 0.683 0.927

WSs2 314.7 0D.625 0.908
230 Folding 0.774°

WSs1 179.9 0.763 0.836
260 Folding 0.772°

WSs1 174.3 0.769 0.831
350 Folding 0.770 ®
480 Folding 0.770 ®
608 Folding 0.750°

Ws1 158.2 0.703 0.931
1503 Folding 0.813°

WSs1 77.99 0.886 0.767
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PHENOMENOLOGICAL PARAMETERIZATIONS OF
POTENTIAL WITH REPULSIVE CORE

The real part of the nucleus-nucleus potential
V(R) =v.(R)+Vv,(R)+V,(R).

The Coulomb part

Z.Z,8° S SR

®R-1_ R C
V = < — —

y Z,2,0°13 R’ ~ o

R |2 2RZ | ¢

15



The centrifugal part
7l (1+1)
AA (A +A)R

V|(R): 2|\/|[

Here A, - the number of nucleons,
Z1 - - the number of protons in corresponding nuclel,
e - the charge of proton,
M -  the mass of nucleon,
Re =1 (A" +A”) and

| - the orbital momentum value.

16



The imaginary part of the nucleus-nucleus potential consists of

volume and surface parts

WO
1+ exp[R —r (A”+AP) dw]

W, exp| R—1,(A” + A)/d, |

W (R) = —

d, {1+ exp| R—1, (A" + A®)/ ds]}2

17



Parameterizations of nuclear part:

Type A.
-V
V, (R) = s R
o(R) 1+ exp[R (AP + AP/ do] Voore (R).
Veore(R) 1S the core potential
core (R) C:COI’eV(IQ’ a‘)’
where
[ 3
4ma’ — nRa’ +ﬂ R<?2a
V(R,a)=7 3 12
0, R > 2a

.

Here C_ . and a are fitting parameters, which depend on the collision energy.

18



Parameterizations of nuclear part:

Type B.
_V?./S 1/3 ! R 2 Rm
v, (R) =4 1+exp| R—r,(A” + A®) /d, |
b, +b,s+b,s* +b,s’ +b,s*, R<R_

The nuclear part of potential and the derivative of potential should be
continuous at the matching point R,,, therefore

b, = o
’ 1+exp[Rm—r0( 1’3+A;’3)/d0]’

Vo exp| R, — 1, (A" + A®) 1 d, |
d, {1+ exp| R, — 1, (A" + A®) do]}z |

b =

19



RESULTS AND DISCUSSIONS

We find parameters of the potential by fitting the data for the *°O+'“C,

2C+'C elastic scattering for different collision energy. We minimize

2 _ 1 N ( O calc (e ) exp (‘9 ))
N2 o (0)

We have assumed for all data points oo, (6)=0.1c,,,(6)).

20
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Type A 160 +12 C
E=132MeV
* exp
with core
total
- =-near-side =:-—" far-side
without core
- - total + total Woptim(R)

160 L2 C
E=132MeV
exp
without
- - = total
- - - - near-side
----- far-side

120 140 160 180
0, deg

20 40 60 80 100 120 140 160 180 0O 20 40 60 80 100
, deg
type A | type B Ogloblin et al.
16.2 21.1

2
¥ 17.82
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c(0)/ GR(G)
Type A
Joo 1P “o+"’C
; E=169MeV
* exp
- with core

4 total

10 . -+ - near-side —-—" far-side

without core
- -total

+ total Wopﬁm(R)

20 40

60 80 100 120 140 160 180

0, deg

c(0)/c.(0)

(oo TypeB 50+
] E=169MeV
* exp
i with  without
1074 1) - - - total
] .ll -++=+ -=--- near-side
' } ——e far-side
|
~} i i
2] ! pl &
10 3 !;ﬁ
11 le
: , \ “ ot
I Vo4
10° 41 g 1l %ﬁ
1; \- y ¥l =R EE I
1! \ ':‘I.% PR A G T -
1 \ R RV E 1
-j :| Iz{'l \" l
104! Vo T /
i i R /
] \I Sl .
B r K
lll {‘l || K4
I ”\\i /
-5 I ‘_ A .
1074 ! IuI _"‘n !
""""""""" s L e N e Lt
0 20 40 60 80 100 120 140 160 180
0, deg

type A

type

B Ogloblin et al.

13.45

16.3 14.1
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For the system *°O+*“C.

Eyab (MeV) 132 169 181 200 230 260
y2(type A) | 1782 | 1345 | 2014 | 1489 | 934 | 1158
22 (type B) | 162 16.3 21.2 15.0 10.1 5.5

pE: 21.1 14.1 i 10.7 9.2 5.6

(Ogloblin et al)
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V(R), MeV
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5(0)/s, (6) 5(0)/s, (6)
10°3—\ Type A “o+'°0 10°4 ~ Type B 160+1°0
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'
10" 4 107 £
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| s \ \.., v 1 f ] \- / ) , \.//;_ I ’
X -y ,\“ ‘\ , EE - [. \ \", - ﬁ-L l!
11 . I L T, ] 1
e N AV o iy
1j with  without U T ' "\: I with  without ! R
: —— - - - total 'y R —— - - - total !
5 i ) I |l: | 5 _| ota
1075 = = ms near-.51de : ¥ 10 ] —.=. - == nearside |I'
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i |
10 ° e T | RAALARARL T T T T T T l' 10 ~frrrrrrem T T prrrTTT T T T T T
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
0, deg 0, deg
type A | type B Khoa et al.
% 16.9 | 11.01 8.4(12.9)
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For the system *°O+'0.

Eyab (MeV) 124 145 | 250 | 350 | 480

7°(type A) 16.9 17.8 | 1085 | 5.88 | 6.15

Q(Z(type B) 11.01 | 1442 | 7.86 7.79 5.66

7%(Khoaetal)| 84(129) | 9.0 |7.6(9.9) 4.2(5.1)|4.7(5.8)
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CONCLUSIONS

- Nucleus-nucleus potential has core induced by intrinsic Kinetic energy of
nucleons in colliding nuclel.

- We propose two different phenomenological parameterizations for
nuclear part of potential with the repulsive core at small distances.

- It is possible to describe elastic scattering data *°O+*C, *C+*C and
0+'°0 by using shallow phenomenological potential with the repulsive
core.

- The elastic scattering data shows that the repulsive core of nucleus-
nucleus potential takes place at distances R <2 fm.

- The cross-section as well as both the near- and far-side cross-section
components on backward angles are strongly enhanced by the repulsive
core.

31



Thank you!



	OptModel.pdf
	OptModel2-short.pdf

