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Introduction

There are microscopic and macroscopic approaches for consideration of
many-fermion systems.

Microscopic approaches are

= based on microscopical models related to Schrodinger equation, Hartree-Fock or Hartree-

Fock-BCS approaches and etc.;
= connected with cumbersome numerical calculations:
= complex in visualization and interpretation.
Macroscopic approaches are
= based on classical or semiclassical models
= connected with simple numerical calculations;

= easy in visualization and interpretation.



2. Thomas-Fermi approach
Thomas, L. H. (1927). "The calculation of atomic fields”. Proc. Cambridge Phil. Soc. 23
(5): H42-548.
Fermi, Enrico (1927). "Un Metodo Statistico per la Determinazione di alcune Priopriet

dell’Atomo”. Rend. Accad. Naz. Lincei 6: 602-607.

Thomas-Fermi is statistical approach for fermions based on next points:
= All lowest levels including the Fermi level are occupied by particles until the Fermi level.
= Two particles with spin 1/2 are occupied each level.

= The corresponding partition function is O(Er — F;), where E; is the energy of single-

)

particle level in the system, E'r is the Fermi level,

1 if Bp > E;

O(Er — Ej) = 1
B {OﬁEF<&. .
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The energy of the fermion system is
E=Y EO(Er—E)=)Y En(E),

where n(E;) = O(Ep — E;) is the partition function.



Each quantum state fill the cell of phase space according to the Heisenberg uncertainty

principle
dxdp = 2mh. (3)

Therefore the number of state related to the cell of phase space is

0xop
: 4
2mh (4)

If we take into account the spin of fermion 1/2 and therefore two fermions can occupy the

same level, than

0Top

. 2h (5)

The density of particles in the volume is

ber of stat OPz0P,0P-
p= num(sir(sz(sz T — 9 x the sum on all momentums p(Q:g)f (6)
or in integral form
d’p

p=2X / (27rh>3n(p>- (7)

2
Here n(p) = ©(pr — p) is the partition function, Fr = g—m is the Fermi momentum, F = 7~



and m is the fermion mass. We get

—QX/dQ/dp

The energy density of the fermlon system is

d3p p2 p5 p5
—9 ~ =2 dQ = £
E=2x / 2P = 2 / 10m(2nh)?  1072hm )

Using pp = (37r2h3p)1/ ? we can easy find relation between energy density and the density of

3

P P P
—p)=2x [ dO — 2 x4 — _PE_ (3
Olpr = p) =2 / UL AR To s Rt R

particles
(3m2K3p)P/3 3P 2 s
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This is well-known Thomas-Fermi relation between the energy density and the density of

E =

(10)

particles. This expression has been applied in various branches of physics as solid state,

atomic and nuclear physics.



3. Extended Thomas-Fermi approach
We try to improve the Thomas-Fermi approach. The improvement will relates to the
inhomogeneity of the potential in the space.

We consider single-particle Hamiltonian

2

. h
H=—-—A+YV 11
AtV (11)

where V' is the single-particle potential, which can be, as example, the self-consistent Hartree-

Fock potential. The Schodinger equation is

AN

where ; = ;(7) is the wave function, E; is the energy of state i.

The density matrix is
Z 0i(F)O(Er — H)@} (). (13)
Note, that ©(Er — H)@*(7) = O(Ep — E;)¢*(7) , therefore

Z pi(MO(Er — E;)p; (). (14)



Our goal to get expression for

ﬁeL

ngz EF_ )%( )

with the classical hamiltonian

H(T.5) = 5+ V(@)

2m
i.e. without operator H.

The Laplace and inverse Laplace transformations are, respectively,

F(s) = L{f(E)} = / B e P(E),
f(B)=L"YHF(s)} = L/C - ds e’V F(s).

271 300
Usetul examples are

. i 1 c+100 BE’ e—ﬁEi
o~ B) = £ =5 [ Tag e

c+100
0(FEr— E;) = E_l{e_*BEi} = i/ dg e’Fr e=PEi,

27'('7, — 00

(15)

(16)

(17)

(18)

(19)



B e—ﬁEi 1 c+100 6 —BLE;

Taking into account

eﬁE 1 c+100 eﬁE
O~ E) =L M=o [ g

and spin of fermions 1/2 we present the den81ty matrix into form

_22% O(Ep — H —22% i)

where

(20)

(21)

(22)

(23)



Let A is a single-particle operator. The Wigner transform of a single-particle operator Ay,

is defined as
Aw = A(qp) = /d% e 74 F/2|Al7— §/2 > .

The inverse Wigner transform is

1 v
(27Th)3/d3p ePr=r)/h A((F+7)/2,p).

Note that the Wigner transform of the Hamiltonian operator is

P

< FA|F >=

So the Wigner transform of the Hamiltonian has classical form.

Example:

A . — R — R o
H=T+Vy?=—V+V||[—V2+V | =T*+TV+VT +V?
2m 2m
. NP .. . o - . .
:T2+VT+V2+TV:T2+2VT+V2+2—(2VVV+V2V).
m

Here V is the potential energy, which is the function of coordinate only. Similar:

H2y = (Tyy + W )2—3h—2Av —HQ(*”)—EH—2AV
w=\4<dw W 29 W = q,p 29m w-

(24)

(25)

(26)

(27)

(28)



The Wigner transform of function CH(7,7") = .00 o (Fe PHpi () is
— 1
) 5L () .
@9 = = 2 (P, (20)
Using the formula
(AB)w = A(Z, p)e* T~ VB (. 5) (30

we get

T G W S (SR E

1=0

%exp[ (—+v )] [1+%( v2v+5(VV) +£(T)2V) +O(h4)]

am
The Wigner transform f(q, p) of the semiclassical density matrix

f(qiﬁ Er) = / d*s e PN (g +5/2, 4 — 5/2, EF)

_ /d35 it o1 CUT+ 52,0 = 5/2), :%1{05(5717)}

5
~26(Er - £~ Vi) + 25 |-V §(Br - 2~ V(g)
g (v B (e - 2 - vig)| + oln) (32)



The Thomas-Fermi part of Wigner semiclassical density matrix
2

R p
Er)=20Ep —— -V
frr(d@, P, £F) = 20(EF — o — = V(a)).
The Thomas-Fermi density
1 1 P’
i’ d’ 70, E d’p O(Ep — — -V
1 [emEr-V?
ds? d O(Fp — — — d
47T3h3/ / pp” O(Er V(@) = 73 0 pp
1 /2m 3/2 p3
2m(Er — V(q))*? = Er —V(q)P? =1L

where pr = 2m(Er — V(q))]"/2
The kinetic energy density is defined as

h? n »
= —V,Vup(7, 7, Ep)|p_i —mvr%( r)Vupi(1).

2m Z, 2
Similar way we get
. 1 P’ o 1 2m(Ep—V (q))]*/? )
Trr(7) = )3 /d Po Jre(7,p, Er) = 2m7r2h3/0 dp p

(33)

(34)

(35)

(36)



The Wigner transform f(q, p) of the semiclassical density matrix

1.5, Br) = 20(Er — L~ Vig) 42 | -9V §(Br - L~ vig)
o (ovp+ B e - L vig)| o).

Let’s consider contribution

! / d*p [25—2(—1)V2V 0'(Ep — 2p—2 — V(q))]

P21 = (27Th)3 - -
-2V 3 / p2
_ E._ 2 _
32mm3h / d'p 0(Ep — 5= V(d)) (38)
Taking into account that
, : d6(Er — 2 — V(g d5(Ep — 2 — V(g
§(Er— 2 vy~ BB an = Via) | doEr 4 = V(e)
2m aE d(p*/(2m))
B Vi) dd(Ep— - Vig) 1
= —<In 5 = —2m —
d(p?) dp %
2
_m A V@)
p dp

we get




/dQ/dpp p 1 do(Er — 55 —Vig)) AV /dppch(E - <q)>.<40>

327T3h dp 877-2]11

Taking integral by parts we get

pQIZ—AV /dp—é(EF—p—2—V( )

8m2h d 2m
:_gi‘;/dpé((\/EF_x“ —\/——> (\/EpF +\/%>>
AV V2m B 1 [/2m\"? AV
Similar
P22 = (27rlh)3 /d3p [2%—(VV)25”(EF — % — Vg ))]
— (QZZ;; /d3p 0" (Er — % —Vi(q)) = éjﬂg /dpp " (Ep — % —V(q))
N Qg; (27;?> | (Er (_V“;z(j»?)/z (42)



The last term 1s

[ [ B e - L i)

P23 = orn)? Sm 3m om
2
3 /" _p__
967r3hm2/d 2_piVipV, Vo' (Er om ~ V19); (43)

i,
We use expansion on the basis of covariant and contravariant orts

() " > vie) - - (7) " > Y (44

and obtain
2
2 : 2 P
= s [ a2 [ dp > VTN,V e = 5T~ Via)
_ /d 42 VeV 6,V (B P V(q))
- T272hm? pp & VgV % Y om

_ 1 4 2 " _p_2_
B 727T2hm2/dpp Z Vol(Er 2m Vi)

2

AV
/ dp p*0"(Ep — 2p— - Vi(g)

- 727r27im2 m
AV 3m?2m 1 (2m\'? AV
- 2mhm? 2A0Ep = V(g)? 482\ h* ) (Ep = V(@)Y

(45)



As the result we get the semiclassical density matrix in the form

) 1 s 1 /2m\*? ag
p(7) = i) /d p f(7,p, Er) = [372 (h2> (Bp — V(i)

1 [/2m\"? AV (VV)?

U ( n? ) ((EF V) (B V<F>>‘°’/2> ’ w

Note that semiclassical density diverges at the classical turning point Ep = V(7).

The kinetic energy
- - =
T(71, 7)) = %Vrlvmp(??l, ry, Bp) = 22: %Vm@z‘(ﬁ)vm%(@) (47)
can be rewritten as

=3 Eﬁ% — 63] p(F — 5/2,7+5/2, Ep), (48)

i
where 7= (7] + 75) /2 and § = (7] — 75)/2. The Wigner transform of this equation is
2

. l= L p ,
W = T(T7@ — ZV?IOW(T7@ + ﬁpw(raﬁ)

Lo e o D
Substituting semiclassical expression for distribution function f(7, p), which takes into account

all terms with A2 (see Eq. (34)), and performing the inverse Wigner we get the kinetic energy



density

1 1= 2
) = (= o [ 0 |92 + 597
1 /2m\*? L 52
S ( " ) (Ep — V(7))
1 /om\Y? (5 3 VV)?
— ( 7;1) <§(AV) (Ep — V(F)>1/2 = (EF(— V(>F))W> + ... (50)
So there are series

p(T) = prr +p2 + ... (51)

TETF:TTF—|—7'2<,0)—|—.... (52)



It is useful to obtain relation between the kinetic energy density and the local fermion

density, i. e.

() = T1ER(P) + T2(P) + ...

Similar expression exist for Thomas-Fermi approach

5 2m 5m2 \ h?

The correction is (D.A. Kirzhnits (1967) )
h’ [(Vp)2 Ap]

3/3pt/3 B2 1 (2m\*"?
() = o= () B v,

36 3

To =

(53)

(54)

(55)



Application

e Modern energy-density potential
e Density distributions in nuclei
e Fnergy of the nuclei

e Nucleus-nucleus potential



Modern energy-density potential
The energy density functional

h2
" om

Elpp(T), pu(T)]

where m is the nucleon mass. The expressions for proton 7, and neutron 7, kinetic energy den-

(7)) + Tul(7P)] + V(7),

sity functionals are taken into account h? corrections. The potential energy density functional

splits into Skyrme and Coulomb (direct and exchange) parts
V(’F) — VSkyrmeOT) + VCoul(”:j-

The expressions for proton 7, and neutron 7, kinetic energy density functional taken into

account h? corrections are

L3 o s L (Vo) 1 1 V)
To()(7) = (870,00 + 52 30 T e (T
2
IV Vo) + P Do) | Pot (2m Wo 2V ppn) + Vﬂn<p>)
2 Y,
6 Jp(n) 2 \h" 2 Jp(n)

where

. 2m [ 3t1 + Dty todo .
QWU>:1+h2( 16 '+7f)&“W7



The Skyrme energy density functional is

Lt | 1 1o 1
Vskyrmel” = 50[(1 + §$o)ﬂ2 — (o + 5)(%29 +pn)] + Et?)ﬂ (1 + §$3)ﬂ2 — (w3 + 5)(%29 + 03]
1 1 1 1 1 1
+Z[t1(1 + §x1) +1o(1+ 5@)]7/0 + 1[?52(%2 + 5) — ti(x1 + 5)]<Tppp + Tupn)
1 1 1 1 1 1
Bl +5z) —ta(1 + §$2>](VP)2 - @[3?51(% +5) +talze + 5)](V/0n)2 +(Vpp)?)
Wi2m p Pn
PR Va4 T+ BV 4 V)

to, t1, to, o, 1, T2, o and W - parameters of the Skyrme forces, the last term is the spin-orbit
interaction obtained in A? approximation.

The Coulomb energy density functional is the sum of direct and exchange terms

Lot (71 3e? (3 /3
Vcoul(r):§pp(r) ‘f(—jdr/——(_> (p, (1)),



Density distributions in nuclei
There are two method:

= variational method based on trial functions:
Examples: p, ) = o)
1+exp 7 p(n)

p(n

This is simple method.

= direct variational method:
3 [/ d°r&(p) — A condition]| = 0 (56)

We get complex integro-differential equation(s), which can be solved. Conditions can be

related to particle conservation [ d*rp(#) — N = 0 and etc,



The interaction energy between spherical and axial-symmetric nuclei in the frozen density

approximation 1s
V(R, ) = Bis(R, ) — B — B,

R is the distance between mass centers of colliding nuclei,
¥ is the angle between the axial-symmetry axis of deformed nuclei and the line connected the

mass centers of nuclei, binding energies are

E12(R7 19) — / d37“ g[plp(F) - ,02p(R, 797 7?)7 pln(F) + p2n(R7 797 77)]7

Bi = [ ' €y, Ba= [ @' Elpay(r),pua()
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Thanks for your attention!



