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Abstract—Basic properties of the ground states of spherical nuclei are investigated in a nonlocal extended
Thomas—Fermi approximation under the assumption of Skyrme forces. It is shown that, for nuclei
occurring near the J-stability line, the binding energies, the root-mean-square radii, and the density
distributions found on this basis agree well with experimental data. Binding energies, root-mean-square
radii, and density distributions are also calculated for the ground states of nuclei lying far off the 3-
stability line and for superheavy elements. For the proton, the neutron, and the total particle density,
the thickness of the diffuse layer is investigated as a function of the number of neutrons in tin isotopes.
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1. INTRODUCTION

A description of the properties of nuclei in their
ground states and low-lying excited states is one of
the most important problems in nuclear physics. Over
the past decades, theoretical investigations aimed at
this have gained a new momentum in connection
with the development of phenomenological effective
nucleon—nucleon potentials that are expressed in a
simple mathematical form [1]. The use of effective
Skyrme forces [1] in investigating the properties of
nuclear systems facilitates relevant calculations con-
siderably. For the Skyrme forces, a few successful
parametrizations were constructed in [2—8], which
ensure a description of many nuclear properties to a
high precision.

The Hartree—Fock method underlies one of the
fundamental approaches to calculating the properties
of complex nuclei [2, 3, 5, 6, 8—12]. This quantum-
mechanical approach, combined with Skyrme forces,
makes it possible to describe well the properties of
the ground states of nuclei almost over the entire
periodic table of elements [2, 3, 5, 6, 8—10, 12]. Many
properties of nuclei were successfully described with-
in Fermi liquid theory [13, 14]. However, an imple-
mentation of the Hartree—Fock method and of cal-
culations within Fermi liquid theory in practice in-
volves considerable difficulties. In view of this, use
is frequently made of a semiclassical approach that
is referred to as the extended Thomas—Fermi ap-
proximation [15]. This method is simple, conceptually
clear, and rather accurate, which makes it possible
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to apply it successiully to describing various physi-
cal systems [16]. There is yet another point in favor
of using the Thomas—Fermi approximation in cal-
culating basic properties of nuclei: although various
modern modifications of the Hartree—Fock approxi-
mation are quite fundamental conceptually and elab-
orate, the most precise description of experimental
nuclear masses is provided by simple macroscopic—
microscopic approximations[11, 12], which often em-
ploy the Thomas—Fermi approximation to calculate
the macroscopic part of the binding energy [12].

The extended Thomas—Fermi approximation has
been successfully used in atomic and nuclear physics
and, since more recent times, in investigations of the
properties of metal clusters [17]. Results obtained
with the aid of the variational extended Thomas—
Fermi approximation for proton-density distributions
in nuclei agree well with experimental data, showing
slight deviations from them only in the diffuse region
[15]. We note that, previously, many properties of
nuclei were studied in the local extended Thomas—
Fermi approximation [18]; in the nonlocal approxi-
mation, this was done by Brack et al. [15], whose
analysis also involved variations of the parameters in
trial functions for nucleon-density distributions.

Under the assumption of Skyrme forces, the non-
local extended Thomas—Fermi approximation imple-
mented to second-order terms in % [15] is used in the
present study to describe the properties of the ground
states of medium-mass and heavy spherical nuclei.
More specifically, this investigation is performed both
for nuclei occurring near the §-stability line and for
nuclei lying far off it, as well as for nuclei of su-
perheavy elements. An investigation of nuclei in the
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vicinity of the presumed stability island around Z =
114, N =182 [11, 19] is an especially topical issue,
since there have recently appeared reports on the ob-
servation of the Z = 114—116 and the Z = 104—112
nuclei (see [20] and [21], respectively). The equations
of the nonlocal extended Thomas—Fermi approxima-
tion for the case of Skyrme forces considered in the
present study are solved here numerically.

2. EXTENDED THOMAS—FERMI

APPROXIMATION
The equations
€ (pn; pp)
— )\, = |
0pn

of the extended Thomas—Fermi approximation [15,
16] can be obtained from the variational principle
where the total energy of a nucleus is considered as
a functional &(p,, pp) of the neutron density p,, and
the proton density p,. The possibility of constructing
such a functional follows from the Hohenberg—Kohn
theorem [22], which is valid for any multicomponent
system. The total-energy functional for a nucleus has
the form

g(pnapp) = /dr(T =+ Epot T ECoul)5 (3)

where 7, ep0t, and ecou are the densities of, respec-
tively, the kinetic, the potential, and the Coulomb
energy. In Egs. (1) and (2), A, and X\, are Lagrange
multipliers that are chemical potentials for neutrons
and protons, respectively, and which are associated
with the conservation of the number of neutrons (V)
and the number of protons (Z) in a nucleus:

[ o) = N (2). (4)

Knowing the expressions for the kinetic, the potential,
and the Coulomb energy in (3), one can solve the set
of Egs. (1) and (2) and find the distributions of the
neutron and the proton density.

To terms of second order in % [15], the kinetic-
energy density is given by

T = TTF + T2 (5)

(the sum of the densities of the kinetic energies of
protons and neutrons, 7 = 7, + 7,), where

TG = Koo (6)

is the density of the kinetic energy of neutrons
(protons) in the Thomas—Fermi approximation (k =
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(5/3)(37%)%/3) and 7y,,(,) is the second-order gradi-
ent correction in & in the nonlocal case [15]. It has the

form

2
Tog = b1 oS | byV2p, + py Y JaVP0)

7
P f (7)
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where g = porn;b; = 1/36,be = 1/3,b3 = 1/6,by =
1/6, by = —1/12, and bg = 1/2 are numerical coeffi-
cients; and h,, = h%/(2m). The explicit expressions
for the functions f, and W, are presented in the

Appendix. The last term in Eq. (7) takes into account
spin—orbit interaction.

+ bapqy

In the case of Skyrme forces, the potential-energy
density has the form[1, 2, 10, 15]
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where to, t1, to, t3, o, 1, T2, T3, Q, and W() are
the parameters of the Skyrme potential; p = p,, + pp;
T="Tn+7p;J =J,+J,;and

hm
Jn(p) = —%Pn@)“’n(p)- (9)

With allowance for the exchange term, the
Coulomb energy density is given by [15, 17]
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Table 1. Binding energies E, root-mean-square radii (r), and chemical potentials A of 8-stable nuclei (experimental

values Fexpt and (rp)expt Were borrowed from [24])

Nucleus Eexpt, MeV E, MeV (Tp)expt, IM (rp), fm (ry), fm An, MeV Ap, MeV
40Ca 342.1 340.7 3.450 3.186 3.230 —12.12 —10.61
48Ca 416.1 418.1 3.451 3.322 3.499 —6.14 —18.86
58Ni 506.45 506.1 3.769 3.560 3.617 —11.23 —11.53
907 783.9 790.2 4.258 4.069 4.170 —8.62 —14.53
H4Sn 971.6 982.6 4.602 4.389 4.491 —8.34 —14.41
140Ce 1172.7 1182.8 - 4.681 4.817 —6.59 —16.63
208pp, 1636.5 1639.8 5.503 5.330 5.486 —5.27 —17.45

Taking into account (3)—(10) and considering the
spherically symmetric case, we can recast Egs. (1)
and (2) into the form

A V200 + AnpV2pp + Bun(Vpn)? (11)
+ Bup(Vpp)* + Dyp(VpuVpp) + Fr + Ay = 0,

AppV2pp 4+ Ay NV py + Bp(Vpp): (12)
+ Bypn(Vpn)® + Dpn(VppVpn) + Fp + C + Ay =0,

where A, B, C, D, and F are functions of the variable
r. The explicit expressions for them are presented in
the Appendix. The coefficient C' in Eq. (12) stems
from taking into account the Coulomb interaction
between intranuclear protons.

The set of Egs. (11) and (12) is a set of nonlinear
integro-differential equations in partial derivatives. In
order to solve it in a spherically symmetric case, we
make use of the method of successive approxima-
tions. The iterative process is continued until the
change in the chemical potential upon going over
from one iteration to the subsequent one becomes
small (specifically, A, /A, < 107%).

For a zero approximation to the density distribu-
tion in the spherically symmetric case, we take the
form

Pq(r) = pog/[1 +exp((r — R)/a)],  (13)

where R = 1.2AY3 Im, a = 0.6 fm, and py, is the
normalization constant determined with the aid of
Eq. (4). If we assume that the proton and the neutron
density decrease at infinity according to the same law,
the large-r asymptotic behavior of the densities is
given by

a0 = 72 exp (—\/ |Aq|/<hmb1>r> L (14)
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At the point r = 0, the proton and the neutron density
must be bounded.

Prior to proceeding to solve the set of Egs. (11)
and (12) numerically, it is convenient to make the
change of variables p, = y,/r, which simplifies these
equations somewhat. Since p, is bounded at the point
r = 0, the function y,(r) satisfies the condition

yq(O) = 0.

In order to solve the set of Egs. (11) and (12) nu-
merically, use was made of the Numerov method in
the summed form [23], whereby the computational
scheme was stabilized to the maximum possible ex-
tent.

(15)

3. DISCUSSION OF NUMERICAL RESULTS

We begin the discussion of our numerical results
by considering the binding energies of spherical nu-
clei occurring in the B-stability valley, such as 4°Ca,
48Ca, 58Nj, 997r, 145 140Ce and 298Pb. In com-
puting the binding energies, we employed the S//7[3],
SEM* [5], T6 [7], SkP [6], and SLy4 [8] parametriza-
tions of the Skyrme forces. Figure 1 shows the relative
deviations (E — Eexpt)/ Eexpt of the computed binding
energies F from their experimental counterparts Eyp
versus the number of nucleons in the nuclei being
considered. The experimental values of the nuclear
binding energies were borrowed from [24]. As can
be seen from Fig. 1, the calculations with the SkP
potential reproduce the experimental binding energies
most closely. For this reason, the computed bind-
ing energies, root-mean-square radii, and chemical
potentials are presented in Table 1 only for the SkP
parametrization.
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Fig. 1. Relative deviations (E — Eexpt)/Eexpt of the com-
puted nuclear binding energies from their experimen-
tal counterparts for the (boxes) S//I, (inverted trian-
gles) SkM™*, (triangles) 76, (circles) SkP, and (diamonds)
SLy4 parametrizations of the Skyrme forces.

[t should be noted that, for the majority of the
nuclei quoted in Fig. 1, the computed binding ener-
gies are slightly in excess of their experimental coun-
terparts. As a rule, the inclusion of shell corrections
[11] enhances this effect since, for the majority of the
spherical models considered in the present study, the
shell correction either increases the binding energy
or is close to zero [25]. It follows that, for the ma-
jority of the nuclei quoted in Fig. 1, the results that
the extended Thomas—Fermi approximation with the
SkP potential yields for the binding energies with
allowance for shell corrections will also be close to the
corresponding experimental values.

The values calculated here within the extended
version of the Thomas—Fermi approximation for the
binding energies and the root-mean-square radii
agree well with available experimental data (see
Table 1).

The binding energies, root-mean-square radii, and
chemical potentials computed here were obtained in
the nonlocal approximation. In the local approxima-
tion, the coefficients b, b3, and by in Eq. (7) vanish;
that is, three gradient terms are discarded, which
leads to an additional contribution to the nuclear
binding energy. As a result, the nuclear binding en-
ergy computed in the nonlocal approximation differs
from that which was obtained in the local approxi-
mation by a few tenths of a megaelectronvolt in light
nuclei and by about 1 MeV in heavy nuclei.

In Fig. 2, the proton densities computed for 4¥Ca
and 2%8Pb are contrasted against their experimental
counterparts. Here and below, the experimental ra-
dial distributions of the charge density in nuclei were
taken from the analysis of inelastic electron scattering
on nuclei as given in [26]. From the results presented
in Fig. 2, it follows that the computed proton densities
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Fig. 2. Radial distributions of (dashed curves) the pro-
ton [pp(r)] and (dotted curves) the neutron [py ()] den-
sity according to the calculations within the extended
Thomas—Fermi approximation and (solid curves) exper-
imental proton densities in *®Ca and 2°®Pb. The experi-
mental charge densities were borrowed from [26].

agree well with the experimental densities in the inte-
rior of the nuclei, but that there are slight distinctions
in the diffuse region, especially in the region of the
distribution tail. These distinctions can be removed by
replacing the value of b; = 1/36 by a greater value—
for example, by the quantum-mechanical value of
by = 1/9 [15]. This replacement improves consider-
ably the density profile, but it reduces significantly
the binding energy [15]. The fact that the descrip-
tion of the proton-density profile within the nonlo-
cal extended Thomas—Fermi approximation, which
takes into account A2 terms in the kinetic-energy
functional, is insufficiently accurate affects the root-
mean-square radii as well, which appear to be slightly
underestimated (see Table 1).

Having demonstrated that, for spherical nuclei
from the region around the -stability line, the
extended Thomas—Fermi approximation provides an
accurate description of their gross properties, we now
proceed to consider nuclei lying far off the stability



Fig. 3. Radial distributions of the proton [p,(r)] and
the neutron [pn(r)] density according to the calcula-
tions within the extended Thomas—Fermi approximation,
(pn(r) — pp(r))r?, and experimental proton densities for
nickel isotopes (data for ®*Ni, ®2Ni, °*Ni, and 5®Ni are
represented by boxes, circles, triangles, and inverted tri-
angles, respectively). The experimental charge densities
were borrowed from [26]. The radial distribution of neu-

trons in “®Ni according to the calculations within the
relativistic Hartree—Bogolyubov approximation (crosses)
was taken from [30].

line, such as 3256Ca, 4878Nj, and 1901328y The
binding energies, root-mean-square radii, and chem-
ical potentials computed for these nuclei within the
extended Thomas—Fermi approximation are quoted
in Table 2. The experimental value of the binding
energy of the '°°Sn isotope was taken from [27]; for
the remaining isotopes, the binding energies were
borrowed from [24]. We note that the 4%:48Ca, 4878Nj,
and 190:132Sn nuclei, for which some features are
presented in Tables | and 2 and in Figs. 1—4, are
doubly magic. The doubly magic nucleus “*Ni was
synthesized quite recently [28]. Our computed value
of 346.8 MeV for the binding energy of this nucleus
agrees well with the result (349.0 MeV) obtained in
[29] from a systematics of binding energies.

PHYSICS OF ATOMIC NUCLEI
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As can be seen from Table 2, the binding energies
calculated within the extended Thomas—Fermi ap-
proximation for nuclei lying far off the 5-stability line
agree well with their experimental counterparts. This
indicates that the extended Thomas—Fermi approxi-
mation is a highly accurate method for computing the
ground-state properties of spherical nuclei.

For the nickel isotopes, the results of the cal-
culations for the density distributions are displayed
in Fig. 3, where we can see that, in the interior
of the %°Ni and "Ni nuclei, the proton and neu-
tron densities differ considerably. In the surface layer,
there is an excess of proton density (proton skin)
in ®Ni; on the contrary, ®Ni has a neutron skin.
We note that the proton and the neutron density in
the interior of nuclei change considerably upon going
over from neutron-deficient to neutron-rich isotopes,
the total particle density at the center of a nucleus
remaining virtually unchanged. The results that we
obtained for the proton-density distributions agree
well with experimental data from [26], while our re-
sult for the neutron-density distribution in the "®Ni
nucleus comply with the results of microscopic cal-
culations performed within the relativistic Hartree—
Bogolyubov approximation [30].

For tin isotopes, the radial dependences of the
proton and neutron densities are displayed in Fig. 4.
The shapes of the densities for neutron-deficient and
neutron-rich tin isotopes are identical to those for
nickel isotopes.

From Figs. 3 and 4, it can be seen that the ra-
dial proton-density distributions computed in the ex-
tended Thomas—Fermi approximation comply well
with experimental data (for the Ni and Sn isotopes
presented in these figures) in the interior of the nuclei
and slightly differ from them in their surface regions.

Within the extended Thomas—Fermi approxima-
tion, it is possible to assess the position of the line of
neutron stability of the elements. As can be seen from
Fig. 5, the chemical potentials computed within the
extended Thomas—Fermi approximation for Ni and
Sn isotopes change smoothly in response to varia-
tions in the number of neutrons. The neutron number
at which the chemical potential changes sign from a
negative to a positive one corresponds to the bound-
ary of neutron stability of an element. The extended
Thomas—Fermi approximation is a macroscopic ap-
proach taking no account of either the shell structure
of the nucleus or pairing effects; therefore, it can yield
only an approximate position for the boundary of neu-
tron stability of the elements. Nonetheless, the value
computed here on this basis for tin isotopes (A =
162) is in satisfactory agreement with the value found
within the model proposed in [25] (A = 157). More-
over, our curves comply well with the results of cal-
culations within the relativistic Hartree—Bogolyubov
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Table 2. Binding energies E, root-mean-square radii (r), and chemical potentials A of neutron-rich and neutron-deficient
nuclei (the experimental values Eqyy were taken from [27] for 1°°Sn and from [24] for the remaining isotopes)

Nucleus Eexpt, MeV E, MeV (rp), fm (ry), fm An, MeV Ap, MeV
32Ca - 201.5 3.100 2.922 —22.470 —0.590
%6Ca 449.6 456.0 3.447 3.754 —2.440 —25.248
48Ni - 346.8 3.433 3.328 —19.707 —2.521
50N 385.5 385.7 4.453 4.389 —17.643 —4.431
60N 526.9 528.9 3.589 3.670 —-9.991 —13.153
62Ni 545.3 549.4 3.618 3.723 —8.854 —14.694
64Ni 561.8 567.6 3.646 3.774 —7.825 —16.184
"8Ni 641.4 646.8 3.833 4.124 —2.572 —24.853
1005 825.8 819.7 4.243 4.247 —13.37 —7.84

1248 1049.4 1060.0 4.491 4.655 —5.702 —18.480
1328 1102.7 1104.0 4.568 4.783 —3.981 —21.352

Table 3. Binding energies E, root-mean-square radii (r), and chemical potentials A computed for superheavy nuclei
within the extended Thomas—Fermi approximation and binding energies Erp obtained in the Thomas—Fermi approxi-

mation [32]
Z N E, MeV Err, MeV (rp), fm (rn), fm An, MeV Ap, MeV
114 182 2121.6 2099.8 6.006 6.536 —-4.777 —16.640
118 182 2132.1 2109.9 6.040 6.176 —5.418 —15.347
120 182 2134.9 2112.7 6.061 6.210 —6.064 —13.711
126 182 2134.2 2112.32 6.107 6.209 —6.692 —11.855
126 184 2149.4 2127.50 6.119 6.225 —6.482 —13.190
164 272 2667.9 - 6.686 7.012 —4.303 —15.003
164 318 2847.6 - 7.080 7.315 —1.716 —19.907

approximation [30] (see Fig. 5). For Ni isotopes, the
computed value of A = 90 agrees well with the value
obtained within the relativistic Hartree—Bogolyubov
approximation (A = 94)[30] and with the value found
in the three-dimensional Hartree—Fock—Bogolyubov
approximation [31].

Let us now proceed to investigate the ground-
state properties of superheavy elements in the region
of the possible stability island around Z = 114, N =
184. We will also consider the Z = 164, N = 272,
318 nuclei. It should be noted that the magic number
of Z = 114 was obtained within various models [11,
19]. The Z ~ 114 and N = 182 nuclei have a spheri-
cal shape or a shape close to it [19].

PHYSICS OF ATOMIC NUCLEI

The stability of superheavy nuclei is associated
with the shell correction, owing to which there is a fis-
sion barrier in these nuclei [11, 19, 21]. However, the
effect of the shell correction on the density distribu-
tions in nuclei occurring close to the -stability line
is insignificant. Moreover, it is necessary to know the
macroscopic binding energy in order to calculate the
total binding energy of nuclei by the shell-correction
method. Therefore, it is of great interest to investigate,
within the extended Thomas—Fermi approximation,
the density distributions in superheavy nuclei and
their macroscopic binding energies.

For the ground-state properties of the nuclei of
superheavy elements, the results of the calculations

Vol.65 No.5 2002
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Fig. 4. Radial distributions of the proton [p,(r)] and
the neutron [pn(r)] density according to the calcula-
tion within the extended Thomas—Fermi approximation,
(pn(r) — pp(r))r?, and experimental proton densities for
tin isotopes (data for '**Sn and ''®Sn are represented
by circles and triangles, respectively). The experimental
charge densities were borrowed from [26].

with the SkP potential are presented in Table 3. The
results of the calculations with the SkEM* and SLy4
potentials agree within 1% with the results quoted
in this table. In the region of the nuclei being con-
sidered, the Coulomb repulsion is so strong that the
binding energy of the nuclei changes only slightly
in response to an increase in the number of protons
at a fixed number of neutrons (N = 182). From the
values of A, quoted in Table 3, it can be seen that
the superheavy nuclei must be stable with respect to
neutron emission. For superheavy nuclei, Table 3 also
gives the binding energies that were obtained in the
Thomas—Fermi approximation for the case of finite-
range forces [32]. The parameters of these forces were
chosen in [32] in such a way as to reproduce the
experimental nuclear masses. From Table 3, it can be
seen that the binding energies computed for super-
heavy nuclei in the extended Thomas—Fermi approx-

PHYSICS OF ATOMIC NUCLEI
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Fig. 5. Proton and neutron chemical potentials versus
the number of neutrons for nickel and tin isotopes. The
results of the calculations within the relativistic Hartree—
Bogolyubov approximation [30] (circles) and the exper-
imental values of the neutron-separation energies [24]
(crosses) are also presented here for the sake of compari-
son.

imation with the SkP forces are greater than those
found in [32], this difference significantly exceeding
the typical value of the shell correction for these nuclei
[19, 21, 25, 32].

Figure 6 displays the distributions of the proton

and the neutron density for the ***30X and 482X

nuclei. As can be seen from Fig. 6, the Coulomb
repulsion leads to a significant displacement of the
intranuclear protons to the periphery of the nuclei.
The proton density in the interior of the nuclei is lower
than at their surfaces and in the intermediate region
between the periphery and the interior.

We define the thickness of the diffuse layer, ¢, for
a density distribution as the distance over which the
density changes from 90 to 10% of its maximum
value. Figure 7 displays the thicknesses of the diffuse
layer for the proton (¢,), the neutron (¢,,), and the total
particle (t¢o) density versus the number of neutrons
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Fig. 6. Radial distributions of the proton and the neutron
density in the nuclei of superheavy elements according
to the calculations within the extended Thomas—Fermi
approximation.
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Fig. 7. Thicknesses of the diffuse layer for the proton (¢,),
the neutron (¢, ), and the total particle (¢¢ot ) density in tin
isotopes versus the number of neutrons (N') according to
the calculations with the SLy4, the SkP, and the SkM*
parametrization.

in tin isotopes. The thicknesses of the diffuse layer
that are presented in Fig. 7 were computed within
the extended Thomas—Fermi approximation by using
the SLy4, SkP, and SEM* parametrizations of the
Skyrme forces. From Fig. 7, it can be seen that the
thickness of the diffuse layer increases with increasing
number of neutrons. A similar type of behavior of the
diffuse layer in these nuclei was also found within
microscopic calculations [33]. At the same time, the
quantity ¢, remains virtually unchanged, the growth
of tyot With increasing number of neutrons being due
to the growth of ¢,. This behavior of the neutron
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density in various tin isotopes is expected to manifest
itself in nuclear reactions that are sensitive to the
distribution of neutrons.

4. CONCLUSION

[t has been shown that the nonlocal extended
Thomas—Fermi approximation implemented for the
case of Skyrme forces appears to be a simple, fairly
accurate, and efficient means for studying the ground-
state properties of medium-mass and heavy nuclei,
both those occurring near the g-stability line and
those lying far off it. The calculated binding ener-
gies of stable and unstable nuclei closely reproduce
experimental data. A good description of the root-
mean-square charge radii has also been obtained.
The results of the calculations within the extended
Thomas—Fermi approximation for the radial distri-
butions of the proton densities agree well with the
experimental distributions in the interior of nuclei
and slightly deviate from them in the diffuse region.
The ground states of superheavy nuclei have been
considered. It has been found that, in the Z ~ 114—
120 superheavy nuclei, there is a modest decrease in
the density at the center of a nucleus. The thicknesses
of the diffuse layer for the total particle density and for
the neutron density have been shown to increase with
increasing number of neutrons in nuclei.
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APPENDIX

The functions f,,) and W,y introduced in (7)
are given by

faw) = 1+ b (v + B)onp) +70p(n);

fT/lp(pn) = hm'}’, f;bn(pp) = hm(’Y + /8)7

Wo
Wop) = T[QVpn(p) + Vopm)l;

where

1 1 1
7—1[t1(1+§x1)+t2(1+§x2>],
YA

—4[2<$2+2> t1<$1+2>]

The coefficients in Egs. (11) and (12) can be rep-
resented as

2 f, P
App = . (f;;p(b2 — b3+ by) — blp_z - Cppf_i
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Cnp';:> + 2hmag ( fp + p_n) —2(a7 + ag),

fn

Apn = W (f;n(bQ—b3+b4)—c (f—p + ;Z))
—2a7 + 4hmag ( + Pn>
o Jn
1 f, P
By =-— (012 F,, - C +Cn,’l—”>
F P
i (152 - 1,2
o\, e
1 I I
Bn:_ C pp+b np_Cnnﬂn
’ ( "I o 7z’
p Fon
F an P Pn
+hma2< P pa—= —af, =2 +4f, )
N " fa " fz
2 bl P = an
Dy = B (_fz/mp_p + Cpp ;nf_g - Cnpf)
F, P
2 nn
+ thGQ <f - 4f1,)nf_§> s
Fp = (fppp5/3 +3 fpp2/3 + fnpp5/3>

+ 2a1(pn + pp) +2a2p + (o + 2)az(pn + pp)**
+ aas(pn + pp)* " (op + p2) + 2a4pp(pn + pp),

T o0

1
;/’I”IQpp(?”/)dT/—i-/?”/pp(?”/)d?”/

0 r

_e? (3Pp(7"
T

>>1/37

where we have introduced the following notation:

C = 2re?

T/ln(pp) [ fa)>
o) = Usf, ,;%l(pp) + dbgh? a3,
= b5 (o) Frp(m) + 26/,
Coplon) = b5 Frp(pm) T behinas,
Crn = Cpp, Crp = Cpn, C'np = épm
a1 = 0.5t(1 + 0.520), as = —0.5t(xo + 0.5),
az = t3(1 4 0.523)/12, a4 = —t3(xs + 0.5)/12,
a7 = (3t1(1 + 0.5z1) — t2(1 + 0.522))/16,
ag = —(3t1(0.5 + z1) + t2(0.5 + x2))/16,
ag = 0.5Wj.

an(pp) =1- pn(p)f
Cnn(

Cnp(zm)

a2

DENISOV, NESTEROV

The corresponding coefficients for Eq. (12) are

obtained upon the interchange of n and p.

wNo =

20.

21.
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